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Abstract
In this article, we present the ‘asymptotic solution’ for the matrix system of equations 
representing the multiple scattering coefficients of an infinite grating of insulating dielectric 
circular cylinders associated with vertically polarized obliquely incident plane electromagnetic 
waves. 
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1. Introduction
Twersky [1-2] treated the classical electromagnetic problem of multiple scattering 
of waves by the infinite grating of dielectric circular cylinders at normal incidence and 
derived the equations describing the behavior of the multiple scattering coefficients of the 
infinite grating at normal incidence in terms of the ‘Schlömilch series’ [3] and the 
‘scattering coefficients of an isolated cylinder at oblique incidence’ [4].
2The exact equations representing the behavior of the ‘Fourier-Bessel multiple 
scattering coefficients’ of an infinite grating of dielectric circular cylinders for obliquely 
incident and vertically polarized plane electromagnetic waves was first derived by 
Kavaklıoğlu [5-7]. The exact solution for these multiple scattering coefficients associated 
with the exterior electric and magnetic fields was acquired by the application of the 
‘direct Neumann iteration procedure’ in Kavaklıoğlu [8] in terms of ‘Schlömilch series’
and the ‘scattering coefficients of an isolated dielectric circular cylinder at oblique 
incidence’, which was originally derived by Wait [4].
The purpose of this article is to acquire an asymptotic matrix representation for 
the ‘Fourier-Bessel multiple scattering coefficients’ of the infinite grating corresponding 
to the vertically polarized and obliquely incident plane electromagnetic waves, and 
present the solution of the scattering coefficients as a function of “the ratio of the 
cylinder radius to the grating spacing” when the wavelength of the incident radiation is 
much greater than the grating spacing.
2. Description of the multiple scattering coefficients of the infinite grating at oblique 
incidence
In this section, we will present the exact systems of equations associated with the 
multiple scattering coefficients of the infinite grating of circular dielectric cylinders for 
obliquely incident and vertically polarized plane electromagnetic waves.
The exterior electric and magnetic fields of the infinite grating of circular 
dielectric cylinders, all having identical radii of ‘a’, excited by obliquely incident and 
3vertically polarized plane electromagnetic waves, are expressed in [5-7] in the coordinate 
system of the ths  cylinder located at sr , in terms of the incident field plus a summation of 
cylindrical waves outgoing from each of the individual thm  cylinder located at mr , for 
 mrr  as
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In the representation of the exterior electric and magnetic fields above, the centers of the 
cylinders of the infinite grating are located at positions 0r , 1r , 2r ,.., etc., separated by a 
distance ‘d’, and   nnn HAA ,  denotes the set of all “multiple scattering Fourier-Bessel 
coefficients” of the infinite grating corresponding to “vertically polarized obliquely 
incident plane electromagnetic waves”, associated with the exterior electric and magnetic 
fields respectively, Znn  , where “Z” represents the set of all integers. In the 
representation above, i  is the angle of incidence in x-y plane measured from x axis in 
such a way that ii    as it is indicated in figure 1, implying that the wave is 
4arbitrarily incident in the first quadrant of the coordinate system and “ )(xJ n ” denotes
Bessel function of order ‘n’. In expression (1a, b), we have
ir kk sin0 (2a)
iz kk cos0 (2b)
0k  stands for the free space wave number with 00 /2: k , where 0  denotes the 
wavelength of the incident radiation, and i  is the ‘obliquity angle’ made with z axis. 
“ tie  ” time dependence is suppressed throughout the article, where “ ” represents 
the angular frequency of the incident wave in radians per second and “ t ”stands for 
time in seconds. In addition, we have
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where   kr d2 , and “ )()1( xHn ” denotes the thn  order Hankel function of first kind, The 
series in expression (3b) is the generalized form of the ‘Schlömilch series [3]  for 
obliquely incident waves I )( dkrmn ’ [7] and convergent provided that  2/)sin1( ir dk 
does not equal integers. 
The multiple scattering coefficients associated with the exterior electric and 
magnetic fields of the infinite grating of dielectric circular cylinder corresponding to an 
obliquely incident vertically polarized plane wave have been acquired by the application 
of the separation-of-variables technique in Kavaklıoğlu [5] as
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Znn  . In these infinite set of equations, nA  and HnA  represent the ‘Fourier-Bessel 
multiple scattering coefficients’ corresponding to the electric and magnetic field 
intensities associated with obliquely incident vertically polarized plane electromagnetic 
waves, respectively. The coefficients appearing in the infinite set of linear algebraic 
equations above are defined as
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Znn  . Two sets of constants na  and nb  appearing in the equations (4a, b), in which 
},{ rrr    stands for the dielectric constant and relative permeability of the dielectric
cylinders respectively, are given as























)()()()(
)()()()(
1
)1(
1
)1(
1
1
1
1
akJakH
k
k
akHakJ
akJakJ
k
k
akJakJ
a
nrn
r
rrnn
nrn
r
rrnn
n




 (6)























ak
inF
akJakH
k
k
akHakJ
akHakJ
b
r
nrn
r
rrnn
rnn
n
)()()()(
)()(
1
)1(
1
)1(
1
)1(
1
2
0
00
 
 (7)
for },{   , where k1  is defined as irrkk  201 cos , and ‘F’ in the expression 
(7) above is given as
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Znn  . In these equations r  and r  denotes the dielectric constant and the relative 
permeability constant of the insulating dielectric cylinders; 0 and 0  stands for the 
permittivity and permeability of the free space respectively. The nJ , and )1(nH  in 
expressions (6-7) are defined as
)()(   nddn JJ  (9a)
)()( )1()1(   nddn HH  (9b)
which imply the first derivatives of the Bessel and Hankel functions of first kind and of 
order n with respect to their arguments.
3. Formulation of the asymptotic matrix equations for the scattering coefficients of 
the infinite grating at oblique incidence
In a previous investigation [9], the ‘asymptotic equations associated with the 
multiple scattering coefficients of the electric and magnetic fields of an infinite grating of 
dielectric circular cylinders for an obliquely incident and vertically polarized plane 
wave’ was derived under the assumption that the ‘wavelength of the incident radiation is 
much larger than the grating spacing’. In this derivation, the behavior of the multiple 
scattering coefficients associated with obliquely incident and vertically polarized waves is 
estimated, when the wavelength of the incident field is much greater than the grating 
spacing, namely (kra)  1 and 
kr a
k r d    12 , as
A(2n1)  A (2n1),0 (kra)2n (10a)
7A(2n1)
H  A (2n1),0H (kra)2n (10b)
n  n N , for the odd coefficients, and
A2 n  A2n ,0 (kra)2n 2 (10c)
A2 n
H  A2n ,0H (kra)2n 2 (10d)
n  n Z , for the even coefficients. The conclusion declared above is achieved as a 
result of the detailed investigation of the behavior of the ‘multiple scattering coefficients 
at oblique incidence’ and comparing their ‘asymptotic behavior’ with those originally 
derived by Twersky [2] for the ‘normal incidence’. Defining a new )12(  vector  p for 
the thp multiple scattering coefficients of the infinite grating at oblique incidence as
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we have acquired the ‘asymptotic matrix system of equations for the multiple scattering 
coefficients of the infinite grating of circular dielectric cylinders for obliquely incident 
and vertically polarized plane electromagnetic waves’ corresponding to ‘odd’ subscripts 
as
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In the equation above, the unknown )1(  vector associated with the ‘odd’ multiple scattering 
coefficients of the magnetic and electric field appears on both side of this equation. Replacing the 
9unknown )1(  vector of the ‘odd’ multiple scattering coefficients to the left hand side of (12a), we 
have obtained the matrix system of equations for the ‘odd orders of multiple scattering coefficients of 
the infinite grating at oblique incidence’ as
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The ‘asymptotic system matrix’ described by the equation (12b) above is of the order of ( ) , and the 
unknown is an   dimensional vector corresponding to the ‘odd orders’ of the multiple scattering 
coefficients of the infinite grating. Similarly, we have acquired the ‘asymptotic matrix system of equations 
for the even orders of multiple scattering coefficients associated with the exterior electric and magnetic 
fields at oblique incidence’ as
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(13a)
In the equation above, the unknown   dimensional vector for the ‘even orders’ of the multiple
scattering coefficients associated with the electric and magnetic fields at oblique incidence appears on 
both side of this equation, and the solution from the equation (12b) for the ‘odd multiple scattering 
coefficients’ appears in the ‘asymptotic system of equations for even orders of multiple scattering 
coefficients’ in (13a) as known values. Taking the unknown   dimensional vector for the ‘even multiple 
scattering coefficients’ to the left hand side of (13a), we have obtained the ‘asymptotic form of the matrix 
system of equations for the even orders of multiple scattering coefficients at oblique incidence,’ when the 
grating spacing is small compare to a wavelength, i.e., 1)( dkr , and   21 dk akrr , as
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(13b)
The ‘asymptotic system matrix’ in equation (13b) is of the order of ( )  and the 
unknown is an   dimensional vector corresponding to the ‘even orders’ of the multiple 
scattering coefficients of the electric and magnetic fields associated with vertically 
polarized obliquely incident waves. In the equations (12 an 13), nS  is a )22(   matrix 
defined as
n
r
nn
nn
n
ak
ss
ss
D
S 2)(
1
: 




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 
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(14)
In the above, we have
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The n -dependent constants appearing in the matrix of expression (14) are defined as

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n
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: (16a)
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n n N , where ‘ N ’ denotes the set of all natural numbers. The various constants 
appearing in the definitions of (16) are expressed as
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In addition, we have recognized that the matrix 
n
S  in equations (12-13) can be rewritten 
using (16) as
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The nh ’s arising in the asymptotic equations of (12-13) represents the leading asymptotic 
terms of the ‘Schlömilch Series’, which are expressed in ref. [2-3] for normal incidence, 
and in ref. [7] for oblique incidence as
H0
h0
kr d
where h0  2sec0 (19a)
H1
h1
kr d
where h1  2i tan0 (19b)
H2
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kr d 2
where h2 
4
3i
(19c)
H3
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where h3  
16 sin0
3
(19d)
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25 3
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(19e)
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15
(19f)
The leading terms of Hn  for large n in general are given by
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(20a)
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kr d 2n
(20b)
where h2n ’s and h2n1 ’s for large n  are given as
h2n 
i
n
1 n 24n1 2n1B2n (0) (21a)
and
h2n1  1 n 24 n1 2 n1B2n (0)sin0  4inh2n sin0 (21b)
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respectively. In the expressions above, B ’s are the ‘Bernoulli numbers’, and the 
relationship between ‘Bernoulli polynomial’ and ‘Bernoulli numbers’ is given as


 BB
1
2 )1()0(
 .
4. Solution for the matrix system of equations for the scattering coefficients of the 
infinite grating
The solution for the ‘asymptotic matrix system’ of equations, given in (12b) and 
(13b), can then be obtained by expanding ‘ n ’ in the form of an ‘infinite asymptotic 
series expansion’. For this purpose, we have introduced 
m
m
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nn d
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



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0
)( (22)
Nnn  , into (12b, 13b) and determined the coefficients in the ‘asymptotic series 
expansion’ in (22), namely, )(mn for “m=0, 1, 2, 3,..”.
The multiple scattering coefficients corresponding to the fundamental mode are 
given by
 00,0 sin sA i (23a)
for the scattered electric field at oblique incidence, and
00,0 HA (23b)
for the scattered magnetic field at oblique incidence, where s0
 in (23a) is given by
)1(
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i
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We have obtained for n  1
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for the scattered electric field at oblique incidence, and
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for the scattered magnetic field at oblique incidence, respectively. Similarly, for n  2 , 
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for the scattered electric field at oblique incidence, and




 D
i
FiA i
H
32
sin2 00,2























  ii irrri ek
k
D
i
hsh
d
a
e  
2
1
302
2
2 )(2
4

18















  iirrr ek
k
D
i
h
d
a  2
2
1
4
4
)(2
32



















 iirrr esk
k
Fs
D
i
hh  
 
2
1
22
2
25 )(2)4(4 











6
d
a
O (25b)
for the scattered magnetic field at oblique incidence, respectively. Finally, for n  3, we 
have acquired
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for the scattered electric field at oblique incidence, and
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for the scattered magnetic field at oblique incidence, respectively.
5. Conclusion
We have presented the ‘asymptotic matrix system of equations of the multiple scattering 
coefficients’ of an infinite grating of circular dielectric cylinders for obliquely incident 
and vertically polarized plane electromagnetic waves associated with the exterior electric 
and magnetic field intensities. Furthermore, we have acquired the asymptotic solution for 
the multiple scattering coefficients up to and including third order as a function of the 
cylinder radius to grating spacing when the grating spacing ‘d’ is small compare to a 
wavelength, i.e., 1)( dkr , and   21 dk akrr .
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